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Abstract 

We find the full interacting Lagrangian and Hamiltonian for quantum strings in a near plane 
wave limit of AdS4 x CP 3 . The leading curvature corrections give rise to cubic and quartic 
terms in the Lagrangian and Hamiltonian that we compute in full. The Lagrangian is found 
as the type IIA Green-Schwarz superstring in the light-cone gauge employing a superspace 
construction with 32 grassmann-odd coordinates. The light-cone gauge for the fermions is non- 
trivial since it should commute with the supersymmetry condition. We provide a prescription 
to properly fix the K-symmetry gauge condition to make it consistent with light-cone gauge. 
We use fermionic field redefinitions to find a simpler Lagrangian. To construct the Hamiltonian 
a Dirac procedure is needed in order to properly keep into account the fermionic second 
class constraints. We combine the field redefinition with a shift of the fermionic phase space 
variables that reduces Dirac brackets to Poisson brackets. This results in a completely well- 
defined and explicit expression for the full interacting Hamiltonian up to and including terms 
quartic in the number of fields. 
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1 Introduction and summary 

For the last decade, the duality between four-dimensional J\f = 4 superconformal Yang-Mills 
(SYM) theory and type IIB string theory on AdSs x S" 5 has been celebrated as the one example 
of an exact duality between gauge theory and string theory \\\. Only last year Aharony, 
Bergman, Jafferis and Maldacena (ABJM), inspired by earlier work on superconformal Chern- 
Simons theories [2], proposed a new exact duality between a Chern-Simons-matter gauge 
theory and M-theory compactified on AdS4 x S' 7 /Z/ c [3]. In a particular limit the gauge 
theory is dual to type IIA string theory compactified on AdS4 x CP 3 . In this region in the 
parameter space, the new duality is between three-dimensional N = 6 superconformal Chern- 
Simons theory (ABJM theory) and type IIA string theory on AdS4 x CP 3 which preserves 
24 out of the 32 supersymmetries. ABJM theory has U (TV) x U (N) gauge symmetry with 
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Chern-Simons like kinetic terms at level k and —k and it is weakly coupled when the 't Hooft 
coupling A = N/k is small. Instead type IIA string theory on AdS4 x CP 3 is a good description 
when 1 < A < k A . 

As for the AdS5/CFT4 duality, there is some evidence for integrability in the planar limit 
also for the AdS 4 /CFT 3 duality [11 [11 El El El El [TUl [III [I2l [IHl [III [II] . In particular an all-loop 
asymptotic Bethe ansatz has been proposed [UCE]. Recently a set of functional equations in 
the form of a Y-system based on the integrability of the superstring c-model, which defines 
the anomalous dimensions of local single trace operators, has been formulated also for the 
AdS 4 /CFT 3 duality [IT]. 

One of the most important results in the study of integrability of the AdS5/CFT 4 corre- 
spondence was the calculation of the complete set of first-order curvature corrections to the 
spectrum of light-cone gauge string theory that arises in the expansion of AdSs x S 5 about 
the plane- wave |18|. 119], the so-called "near BMN limit" |20| . Among other results, this has 
produced the first evidence of the famous "three loop discrepancy", which was then under- 
stood and solved by the inclusion of the dressing factor that interpolates between weak and 
strong coupling, in the Bethe equations that describe the spectrum of the gauge and the string 
theory [21]. 

Analogous calculations for the AdS4/CFT3 duality were initiated in [10] (see also |12j) 
where the spectrum of two bosonic oscillator states in the SU(2) x SU (2) sector was computed 
and compared with the solutions of the proposed all loop Bethe equations [HI [10]. In order to 
perform a complete analysis of the spectrum of string oscillators around a pp-wave limit of 
AdS 4 x CP 3 it is however necessary to include all the bosonic and fermionic directions in the 
computation of the interacting Lagrangian and Hamiltonian. 

In this paper, using the AdS 4 x CP 3 superspace construction for type IIA superstrings 
of refs. \22\ 123] . we provide the full interacting Lagrangian and Hamiltonian for the type IIA 
Green-Schwarz superstring in the light cone gauge in a near plane wave limit of AdS 4 x CP 3 . 
The near plane wave background is given by the leading pp-wave background plus the 1/P 
and 1/P 2 curvature corrections, R being the radius of CP 3 . We find all the terms in the 
Lagrangian and Hamiltonian which are quadratic, cubic and quartic in the number of fields. 
The Penrose limit defining the near plane wave background follows a null geodesic that moves 
along one of the isometries of CP 3 [8] . We can thus use our Hamiltonian to find the leading 
finite-size corrections to the spectrum of a string fluctuating around the null geodesic. 

In the quantization of type IIA string theory on the AdS 4 x CP 3 background there are 
many non trivial issues that should be carefully addressed and solved in order to have a 
complete characterization of the spectrum. 

(a) The K-symmetry gauge choice for the light-cone gauge on this background cannot be 
chosen as in AdSs x S 5 or in flat space. The less than maximal supersymmetry means 
that the light-cone quantization for the fermions will be completely different than that for 
the AdSs x S 5 background since it should commute with the supersymmetry condition. 

(b) Fermionic field redefinitions are conveniently used to find a simpler Lagrangian such 
that the fermionic momenta have no 1/P 2 corrections. This simplifies the phase space 
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variables and makes it easier to construct the Hamiltonian. 

(c) A Dirac procedure is needed in order to properly keep into account the fermionic sec- 
ond class constraints. This is highly non-trivial in this case since there are both first 
and second order curvature corrections to the Hamiltonian that should be taken into 
account. The Dirac brackets can then be reduced to Poisson brackets by a suitable field 
redefinition. 

(d) We prove that the two-fermion terms in the Lagrangian that arises from the superspace 
model, match those found using the general type IIA Green-Schwarz Lagrangian of [24] . 

(e) There is strong evidence that the terms in the Hamiltonian which are quartic in the 
fields are not normal ordered. This is because there are divergences coming from the 
cubic terms in the Hamiltonian when used at the second order in perturbation theory 
for certain string states [W\ [25] which can only be canceled by the inclusion of the 
appropriate normal ordering functions. 

Let us comment on these points. With respect to (a), the re-symmetry gauge condition 
r + # = where is a 32-component spinor and T + = F° + T 9 , which is used for flat space 
and AdSs x S 5 , cannot be used indiscriminately on AdS4 x CP 3 . The isometry group of CP 3 
is SU(4), it preserves not only the CP 3 metric, g a b, but also the Kahler form, J a j>. Thus 
the vacuum is SU(A) invariant. This symmetry of the ten dimensional theory is dual to the 
P-symmetry of the M = 6 supersymmetry of the gauge theory. To see how supersymmetry is 
realized one can study supersymmetry transformation laws |26j . In the purely bosonic ground 
state of the 10-dimensional theory given by AdS4 x CP 3 the fermion fields are set to zero, 
thus the criterion for unbroken supersymmetry of the vacuum is that their super symmetric 
variations should also vanish, 58 = 0. In order to see when this condition is realized, one can 
define a quantity out of the SU(A) invariant Kahler form, which takes the following explicit 
form in terms of 32 dimensional gamma matrices 

J = roi23rn(— r 49 — r 56 + r 78 ) = r 567 8 — r 4 9(r 56 — r 78 ) (1.1) 

where we choose for CP 3 the directions 4 to 9. One can easily show that J 2 = 2 J + 3 
and hence that J has 24 eigenvalues -1 and 8 eigenvalues 3. It was shown already in [26J 
that in the vacuum defined by AdS 4 x CP 3 , the condition 56 = is realized only by the 24 
eigenvalues J = — 1. This is the reason why AdS 4 x CP 3 preserves only 24-supersymmetries. 
The projector on to supersymmetric states is then simply P = (3 — J) /4. Now, the light-cone 
gauge condition T + = does not commute with J, and thus with the projector P, and there 
is no choice of path along CP 3 for which this could happen since the F a with a = 4, 5, 6, 7, 8, 9 
do not commute with P. Thus on AdS 4 x CP 3 the standard light-cone gauge condition is not 
always consistent with supersymmetry. 

We shall show in this paper how to properly fix the re-symmetry gauge condition on this 
background in such a way that it is consistent with our choice of light-cone gauge. This 
will be done for string states in a Penrose limit defining the near plane wave background 
that follows a null geodesic that moves along one of the isometries of CP 3 [8]. In particular 
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even to derive the pp-wave spectrum one should in principle use the appropriate light-cone 
gauge condition. All the papers in the literature that derived the pp-wave spectrum on this 
background [23 ESI E3 E] used the standard T + 6 = condit ion that, even if provides the 
correct spectrum for the pp-wave, is, in principle, inconsistent with K-symmetry. Whereas 
for the pp-wave spectrum this has proven not to be a real issue, a correct, supersymmetry 
preserving, gauge fixing becomes crucial in deriving the curvature corrections to the spectrum. 

As stated in point (b) it is convenient to first perform field redefinitions on the Lagrangian 
such that the fermionic momenta have no 1/R 2 corrections. This has the advantage that one 
needs only to take into account the 1/R corrections to the fermionic momenta when changing 
variables to fermionic phase space variables in the Hamiltonian and when performing the 
Dirac procedure. 

With respect to (c), the set of constraints that arise from the definitions of the fermionic 
momenta for the Green-Schwarz type IIA superstring on the AdS4 x CP 3 background are 
second-class. This means that to make a consistent quantization the quantum anticommutator 
of two fermionic fields should be identified with their Dirac bracket (which depends on the 
Poisson bracket algebra of the constraints) rather than with their Poisson bracket. For type 
IIA superstrings on AdS4 x CP 3 , at variance with what happens for type IIB superstrings on 
the AdSs x S 5 background, the canonical commutation relations have a complicated structure 
due to the fact that the Dirac brackets receive both 1/R and 1/R 2 corrections. This makes 
canonical quantization of the Hamiltonian a much harder problem. Fortunately, one can 
circumvent this by making a field redefinition of the fermionic phase space variables which thus 
changes the Hamiltonian. We find in this paper a particularly elegant way to make this field 
redefinition, which is both first- and second-order in the curvature correction, by combining 
it with the initial field redefinition that one should perform to write out the Hamiltonian in 
fermionic phase space variables in going from the Lagrangian to the Hamiltonian. Moreover, 
it is particular simple since we write the combined field redefinition in terms of 32-dimensional 
spinors. We find thus an elegant way to resolve these problems such that we can compute the 
final complete Hamiltonian. The cubic and quartic fermionic Hamiltonian, the main results 
of this paper, are given in Eqs. (l7.50|7.5ip . 

With respect to (d), our results are that we find expressions for the Green-Schwarz su- 
perstring Lagrangian and Hamiltonian in the full 32 dimensional spinor space and that we 
derive a consistent light-cone gauge fixing for states belonging to CP 3 . The quadratic part 
of the fermionic action of [24] is sufficient to make one-loop computations around configura- 
tions as folded spinning string in AdS4 x CP 3 [30], but for a complete quantum calculation 
of the finite-size corrections to the spectrum of strings states, the full Hamiltonian is needed 
including all terms that are quadratic, cubic and quartic in the number of fields. 

With respect to (e), our paper obviously builds on early papers |10|. 1 12j where the bosonic 
string spectrum was examined in the SU(2) x SU(2) sector using only the bosonic Hamil- 
tonian by employing zeta-function regularization to regularize divergences coming from the 
cubic Hamiltonian at the second order in the perturbative expansion in the inverse of the cur- 
vature radius R. In those papers it was assumed that the four-field terms in the Hamiltonian 
are normal ordered. However, this seems on further scrutiny not a valid assumption since 
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the divergent contributions coming from second order perturbation theory are, on general 
grounds, always negative and cannot be canceled by analogous terms coming from the cubic 
Hamiltonian with two fermion and one boson fields [25]. Thus, one should include all the 
non-normal-ordered terms also in the four bosons, four fermions and two-fermion-two-boson 
parts of the full Hamiltonian to obtain the correct spectrum 0. 

The explicit construction of the complete AdS4 x CP 3 sigma model including all the 
32 Grassmann-odd coordinates was done in refs. [221 I23j . Whereas in the maximally su- 
persymmetric AdSs x 5 5 background the supergeometry is described by the coset super- 
space 577(2, 2|4)/5'0(5) x 50(1,4) one instead has that the type IIA AdS 4 x CP 3 super- 
space is not a coset superspace. Its supergeometry can be completely characterized by the 
OSp(6\4)/U(3) x 50(1,3) coset superspace only on a submanifold of the superspace @[7]. 
On this submanifold the classical superstring equations of motion are integrable [6j [7] , gen- 
eralizing the corresponding result for type IIB superstring propagating on the AdS5 x 5 5 
supercoset [32]. We are using the type IIA Green-Schwarz action of refs. [221 [23] on this par- 
ticular submanifold. However, in the AdS 4 x CP 3 superspace there is a different submanifold 
described by a "twisted" OSp{2\4) / SO{2) x 573(1,3) superspace, which is not a supercoset, 
and the ingredients used to prove integrability in [32J do not directly apply to this sector of the 
theory. Therefore, it remains an open problem to determine whether the complete set of clas- 
sical equations of motion of the Green-Schwarz superstring propagating on the AdS 4 x CP 3 
superspace is even classically integrable. The fact that the AdS 4 x CP 3 superspace with 
32 fermionic directions is not a supercoset requires in fact more general techniques to prove 
classical integrability. 

Several papers have developed the Lagrangian (and in some cases the Hamiltonian) for 
the superspace construction by using a 24 dimensional spinor space that is manifestly super- 
symmetric [H [331 EH ESI EI] . I n particular in [31] the four-fermion Hamiltonian is found, 
however, the complete quartic Hamiltonian has not been computed, only preliminary versions 
of the interacting Lagrangian and Hamiltonian have been provided. In order to have a com- 
plete characterization of the spectrum, it is necessary to derive these objects carefully dealing 
with all the issues we described above. This is what we do in this paper. 

Our main motivations for this work come from some interesting differences between the 
AdS 4 /CFT 3 duality and the AdS 5 /CFT 4 duality: 

(1) The magnon dispersion relation in the AdS 4 /CFT3 duality can vary as a function of 
A. Indeed, shortly after the discovery of the AdS 4 /CFT3 duality it was found that a 
magnon in the 577(2) x SU{2) sector of ABJM theory has a dispersion relation that 
depends non-trivially on the coupling (5j El [29] 



where the weak coupling result is from [H |5] . Corrections to the leading weak and strong 




(1.2) 



coupling results have been discussed inPllIi|l35|l57|l551l3g|l3D|HDj. 



1 These crucial terms were ignored in the analysis of ref. [3T] 
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(2) In the ACIS4/CFT3 duality one has 4e+4p magnons, i.e. four bosonic and four fermionic 
magnons, in the Bethe ansatz for ABJM theory. However, the pp-wave background has 
8b + 8f magnons. 4b + 4p of these (the light magnons) correspond to the 4b + 4f 
magnons in the Bethe ansatz. The other 4^ + 4^ magnons (the heavy magnons) should 
instead somehow emerge from the spectrum of the light magnons. This is discussed in 

@hei]. 

(3) While the M = 4 SYM theory and the AdSs x S 5 background have the maximally 
possible amount of supersymmetries with 32 supercharges preserved, the N = 6 su- 
perconformal Chern-Simons theory of ABJM and the AdS4 x CP 3 background have 24 
supercharges preserved. This allows for the radius of AdS4 x CP 3 to vary as a function 
of A [42]. 

With respect to both (1) and (2) it is very important to find the leading finite-size cor- 
rections to the quantum string spectrum. Finding the quantum string spectrum including in 
particular also the non-normal-ordered terms in the Hamiltonian should yield a finite spec- 
trum for the quantum string without need of regularizing. With respect to (1) this will settle 
the issue of what the 1/vA correction to h(\) is for large A. This is an important question 
since it has been found that there are certain semi-classical spinning string configurations for 
which the one-loop correction to the leading energy can only match with the all-loop Bethe 
ansatz of [371 Ell EH EH HQ] provided there is a certain non-zero value for this 1 / V\ correc- 
tion. Instead other calculations [43^ |4"4"] have found that this correction should be zero. It 
is even speculated if this number is measurable, or if it is scheme dependent, since one can 
make redefinitions of the coupling. However, if the quantum string spectrum reveals the same 
answer for this correction as the one-loop correction to the semi-classical string configuration 
it would suggest that string theory picks out a unique value. For the spinning string this 
matter has been thoroughly discussed in [30]. We postpone the computation of the quantum 
string spectrum to a later publication [25] . 

With respect to (2), it would be important to examine how the heavy 4^ + 4^ magnons 
in the pp-wave background can emerge from the 4^+4^ light magnons in the Bethe ansatz. 
A proposal for how this works in the continuum limit is presented in [41]. However, it is not 
immediately clear how this proposal should resolve the problem for the discrete spectrum of 
the quantum string. Certainly, the completely well-defined and explicit expressions for the 
full interacting Hamiltonian that we provide in this paper, allowing for a complete calculation 
of the oscillator spectrum, will shed some light on this subtle problem. 

This paper is built up as follows. In Section[2]we compute the Lagrangian for the type IIA 
Green-Schwarz (GS) superstring in AdS4 x CP 3 using the superspace construction of [22]. [23] . 
In Section [3] we prove the equivalence to the general type IIA two-fermion Lagrangian of 
ref. [24J . In Section 01 we analyze the light-cone gauge and the corresponding fixing of k- 
symmetry. In Section [5] we find the pp-wave Lagrangian and Hamiltonian and derive the pp- 
wave spectrum for the light and heavy modes. In Section [6] we provide the field redefinitions 
on the Lagrangian necessary to pass to the Hamiltonian formalism. Finally Section [7J contains 
our results for the full light-cone Hamiltonian up to terms quartic in the number of fields. 
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Appendix [A] contains the details of the AdS4 x CP 3 background along with the near plane 
wave limit. Our conventions for the Gamma-matrices are instead given in Appendix [Bj In 
Appendix Owe derive the structure constants of the OSp(6\2,2) algebra and the fermionic 
matrix entering in the four fermion terms of the Lagrangian. 

2 Lagrangian for type IIA superstring from superspace 

In this section we present the Lagrangian for the type IIA Green-Schwarz (GS) superstring 
in AdS4 x CP 3 using the superspace construction of [22] [23] . We restrict ourselves to the 
super symmetric fermionic directions. We consider the light-cone gauge and the corresponding 
fixing of K-symmetry in Section UJ The AdS4 x CP 3 background is presented in Appendix [Al 
The Gamma-matrix conventions are presented in Appendix IB] 

2.1 Supersymmetric fermionic directions 

For the type IIA GS string we have two Majorana-Weyl spinors 9 1 ' 2 with opposite chirality, 
i.e. TuO 1 = 9 1 and Tu9 2 = — 9 2 . We collect these into a 32 component real spinor 9 = 6 1 + 9 2 . 

In the superspace construction of [22 1, [23] all the 32 real fermionic directions of 6 are 
considered. 24 of these are supersymmetric and 8 are non-supersymmetric. We shall restrict 
ourselves to the 24 directions which are supersymmetric since we are interested in considering 
curvature corrections the pp-wave background that comes from a Penrose limit corresponding 
to a null geodesic moving on an isometry of CP 3 . This means that we can choose a gauge for 
the K-symmetry of the type IIA GS Lagrangian where the 8 non-supersymmetric fermionic 
directions are put to zero [6] [22] [25] . 

The 24 supersymmetric directions are given as follows. Recall the matrix J of Eq. (jl.ip 

J = roi23rn(— r 49 — r 56 + r 78 ) = r 5678 — r 4 9(r 56 — r 78 ) (2.1) 

Note that J T = J and J 2 = 2J + 3. The matrix J is defined such that it is proportional 
to F a bT ab where F( 2 ) is the two-form field strength given in (|A.15p . a,b = 0, ...,9 being flat 
target space-time indices. F( 2 ) is proportional to the Kahler form on CP 3 . In terms of (|2.ip 
the projector on to the supersymmetric fermionic directions is 

P = ^ (2-2) 

Thus all supersymmetric fermionic directions are characterized by P9 = 9 or equivalently 
J9 = -9. 

If T^qis9 = —9 we see that J9 = —9. Hence this gives 16 supersymmetric directions. If 
^5678$ = 9 then we need in addition that T4956^ = 9. Hence this gives 8 supersymmetric 
directions. Thus we see that we have in total 24 supersymmetric directions. The 8 remaining 
non-supersymmetric directions are characterized by T5678# = 9 and T4956^ = —9 correspond- 
ing to J9 = 39. 
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2.2 Supervielbeins and Lagrangian 

We now present the GS Lagrangian for the 24 supersymmetric directions. Thus, we assume 
in the following that 9 obey P9 = 9. 

Write the world-sheet metric as sab with the world-sheet indices A, B = 0, 1. Then we 
define h AB = ^J\deks\s AB . Thus det h = — 1. We furthermore define the epsilon symbol e AB 
such that e 01 = eoi = 1. 

Introduce for < s < 1 the supervielbeins 

E{sT = e« + mT« S ^ 2 M) D9 , E{s)° = (^^) " (2-3) 
where a is the flat target space-time index. We write 

E? = E(s = 1)" = e« + Af9T« S ^ 2 M) D9 , E" = E(s = l T = (^™) " (2-4) 
The covariant derivative is 

D9 = P(d - ±-T 0123 r a e a + -y b T ab )6 (2.5) 
K 4 

The two-fermion matrix M 2 can be found in terms of the structure constants of the generators 
of 05jp(6|2, 2). Schematically we write 

(M 2 )1 = -9^~f^9 s f% (2.6) 

in terms of the structure constants of the OSp(6\2, 2) algebra (IC.lh given explicitly by (lG2> 
(lG3j) in Appendix O By Eq. (fG9l) in Appendix Owe have 



{M 2 )* = --{PT m23 TaPT^9\PT T a P) 5p - -(PT 0l23 T a/ P)y9 s (PT T a P) sp 

+ ^(pr 11 r a ,p) Q /V(pr roi 23 r 11 r a 'p)^ - ^(pr^p^^p^^r^p)^ 
+ ^-(pr a , b ,py^9 s (pr r 0123 r a ' b 'p) S p - ^{T Q1 ^v n r^e s {Y Y xl )^ 

(2.7) 

where a, b = 0, 1, 2, 3 and a', b' = 4, 9. Note that M 2 = PM 2 P. It is shown in Appendix 
ICl that this expression is equivalent to the one found in [221 [23] in a different representation 
of the OSp(6\2,2) algebra. 

From the supervielbeins (|2.3|) - fj2.4[) we can construct the generalized Maurer-Cartan forms 

L{s)a = E(8)ld A X» + E(s) a a d A 9 a , L(s) a A = E(s)%d A X» + E(s)^d A 9^ (2.8) 

for < s < 1. We define then the Maurer-Cartan forms L a A = L(s = 1) A and L A = L(s = 1) A . 
We can now write the type IIA GS Lagrangian for the supersymmetric fermionic directions 
on AdS4 x CP 3 [22l [23] , based on the supercoset construction of [35] 06] , as 

C = -\h AB naJbL a A L b B _ 2ie AB f dsL(s) A (9T a T n ) a L(s)% (2.9) 
z Jo 
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The Virasoro constraints are 



Sab — -^h AB h CD Scd , Sab = VabL A L b B 



(2.10) 



From now on we shall truncate the Lagrangian to include terms with at most four fermions, 
since this is the order relevant to compute one-loop corrections to pp-wave energies. Dividing 
Sab according to the number of fermions we have 



e , _ e(0f) , <j(2f) , <j(4f) 
SAB — &AB AB AB 

Sab = g^dAX^BX" 



we compute 



sf B ] = i9r^d A x^D B e + d B x»D A e) 



Sab = -(0T a D A 9)(9T a D B e) + ^M 2 {d A X» D B Q + d B X»D A Q) 



We write the total Lagrangian (|2.9j) as 



£ = £kin + £ 



where the kinetic part is 
and the Wess-Zumino part is 
where 



£ 



kin 



WZ 



--h AB S AB 



r - r( 2f ) 4. r( 4f ) 

J -WZ — '-'WZ ' L wz 



£ W z = -ie AB d A X"dT l J'nD B e 



and 



£ wz = -^e AB d A X^Y^ n M 2 D B e+^e AB (dT a D A d)(dT a Y 11 D B e) 



2.11) 

2.12) 
2.13) 
2.14) 

2.15) 

2.16) 
2.17) 
2.18) 
2.19) 



3 Equivalence with general type IIA Lagrangian for two-fermion 
terms 

In this section we show that the two-fermion terms in the type IIA superspace Lagrangian 
()2.9p for the AdS4 x CP 3 background, restricting to the supersymmetric fermionic directions, 
are equivalent to those of the type IIA GS Lagrangian, found by Cvetic et al. |24| for general 
type IIA backgrounds, on this particular background. We use here the explicit expressions 
for the AdS4 x CP 3 background written in Appendix lA"j^l 



While this paper was in preparation the paper [47] appeared where the equivalence between (|2.9|l and the 
Lagrangian of [21] is also examined. 
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General GS superstring action for type IIA 

The type IIA superstring Lagrangian including two-fermion terms for a background with zero 
Kalb-Ramond field and zero dilaton field can be written as for the superspace, as a sum of 
kinetic and Wess-Zumino part 



with the kinetic part given by 



Sab = g^d A X»d B X v + i9F^d A X»D B 9 + d B X"D A 9) + -d A X»d B X v 6(T ^MT V + T.MT^d 

(3.3) 

and the Wess-Zumino part given by 

Avz = ie AB 0T n r^d A X^D B + ^e AB d A X^d B X u 9F u F^MF u 9 (3.4) 

o 

where the matrix M is defined as 

M = ~F^T n W + y a f ^p^ IV(XJ ( 3 - 5 ) 

where P( 2 ) and Fu\ are the two and four-form Ramond-Ramond field strengths and the 
covariant derivative D A 9 is 



b A e = d A e + -d A x^fT ab e (3.6) 



i 

4 ( 

where oj^ ah is the spin-connection with a, b being flat indices. The Virasoro constraints are 
again given by 

S AB = h AB h CD S CD (3.7) 

Equivalence with superspace action 

Using (|A.15P - (|A.16|) we compute 

M = -^T 0123 P (3.8) 

Inserting this into (|3.3[) and (|3.4p . with covariant derivative (j3.6|) . we see that Eqs. (|3.3p and 
(13. 4p are equivalent to Eqs. (|2.13p and (|2.18p . with covariant derivative (|3.7p . provided we 
have that D A 9 = PD A 9 for any spinor with P6 = 9 on the AdS4 x CP 3 background. This is 
true if 

u}f[P,T ab ]=0 (3.9) 

We can now check this using the spin connection as computed from the zehnbeins (jA.lip - 
()A.14p . For nearly all non-zero components of uj^ you have that a and b are such that 
[P, Fab] = 0. The only 8 components for which this is not the case are w^, u®®, Uy®, Uy®, u^, 
w ^2' anc ^ w y2 - However, if we consider and we see that = — oj®®. For (|3.9p to 
hold for fj, = xi it is therefore sufficient that [P, — Tgg] = which indeed is the case, as one 
can check explicitly using (|2.ip - (|2.2p . It works similar for /j, = yi,X2,y2 hence we have checked 
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explicitly that Eq. (j3.9j) holds. Actually the group theoretical reason of (|3.9p is as follows. 
The CP 3 part of the spin connection u ab T a b takes values in the algebra of the SU(S) x £7(1) 
stability group of CP 3 . The U(l) subgroup of this stability group is generated by the Kahler 
form J which enters the projector P. This insures that P commutes with uj ab r a b. 

We can thus conclude that the two-fermion terms in the Lagrangian and Virasoro con- 
straints (I2.9p - (l2.10j) agree with the Lagrangian and Virasoro constraints (I3.1j) - (l3.7p on the 
AdS4 x CP 3 background for the supersymmetric fermionic directions. 



4 Light-cone Lagrangian 

In this section we impose the light-cone gauge for the type IIA GS Lagrangian fj2.9[> on 
AdS4 x CP 3 restricted to the supersymmetric fermionic directions. We find explicit expressions 
for the full gauge-fixed light-cone Lagrangian for terms quadratic, cubic and quartic in the 
number of fields, expanding in powers of 1/R around the pp-wave background where R is the 
radius of CP 3 in the AdS4 x CP 3 background (see Appendix The gauge fixed Lagrangian 
found in this Section is then simplified using the fermionic field redefinition in Section 

4.1 Outline of general procedure 

We consider the AdS4 x CP 3 background described in Appendix [Aj We examine string 
excitations around a null curve 5 = t/2 at Ui = 0, i = 1, 2, 3, 4 and y\ = y 2 = in the limit of 
R — > 00. More specifically, we take the near plane wave limit R — ¥ 00, keeping the coordinates 
t, v, Ui, x a , y a fixed, i = 1, 2, 3, 4 and a = 1, 2. 

In the following we wish to consider the Lagrangian in the light-cone gauge 

t(r,a)=CT (4.1) 
dC dC 

— = constant , — - = (4.2) 
ov ov' 

For choices of the light-cone directions lying both in the AdS, see [38]. We allow for corrections 
of the world-sheet metric 

hTT = ~ l + 1 + w + ° {R ~ 3) ' hTa = 1 + w + ° {R ~ 3) (4 ' 3) 

The procedure is now to construct Sab and £\yz from the expressions of Section [2j Using 
Sab with (|4.ip imposed we can write down the two independent Virasoro constraints. These 
two constraints can be solved for v and v', order by order in 1/R. 

Inserting v and v' into the two gauge conditions (|4,2p we can solve for the corrections to 
the world-sheet metric (|4.3p . 

Inserting now both v and v' and the corrections to the world-sheet metric in the following 
expression 

C ef = C- (4.4) 
we obtain the gauge fixed Lagrangian £ g f. We write the expanded gauge fixed Lagrangian as 

£ gf = C 2 , B + C 2 , F + ^(£3,b + C^bf) + ^2 + U,bf + U,f) + 0{R- 3 ) (4.5) 
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4.2 Bosonic terms in Lagrangian 

Employing the procedure explained above it is straightforward to compute the bosonic part 
of the Lagrangian 

4 , 2 



C 2 ,B = ~ - u[ 2 - c 2 u 2 ) + 1 E^a - xl 2 + 2cy a i; a + f a - y' a 2 ) (4.6) 

i=l a=l 

r /2 ,2 ,2 ,1 . 2 -2 , -2 , -2\ /„ »\ 

£3,,B = — (a?! +2/1 -<e 2 -y 2 -^1-2/1+^2+2/2) ( 4 -<) 



3 „ 3 



C O . . 

1=1 1=1 *J=1 

+ ^2 (c 2 E «? - Et(^) 2 + {X>r}){<? - 3c 2 n| - Et(^') 2 + (^') 2 ]) 
i=l i=i i=i i=i 

2 2 

-^E^ + i^E^ 2 ^ 2 -^) ( 4 - 8 ) 

a=l a=l 

where we have introduced the compact notation 



a/2 

X l=1 - 4 = (^1,^2,^3,^4) , X t=5 - 8 = — (xi, 2/1,^2,2/2) 

v /j=1...4 / / / / / \ v /i=5...8 "^2/ / / / / \ 
X = [U^U^U^U^) , A =—(^1,2/1,^2^2) 



(4.9) 



4.3 Introduction of fermionic terms 

We define the purely fermionic bilinears 

A M = or a d A o , i a , A = 0T u v a d A e 

B a bc = 8F a T bc 8 , B abc = 9TnT a T bc 8 (4.10) 

Cab = ^r a proi23r&0 , c a b = #rnr a .proi23ro# 

Note the following important properties 

C a b = Cba , C a b = — Cfea 



(4.11) 



which can be deduced using that (r°r a ) T = r°r a . In terms of the fermionic bilinears (|4.10p 
the quantities appearing in the Lagrangian and Virasoro constraints are 

sf B ] = iA a>B e°d A X» + iA aiA eld B X» + ±B abe e*J?{d A X'>d B X 1 ' + d B X»d A X v ) 



~C ah ele h v d A X»d B X v (4.12) 

6*1 = ie AB A a>B e^d A X» + l -e AB Bab c ey u c d A X»d B X» - ^e AB C ah ele h v d A X»d B X v (4.13) 
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Comparing with Eqs. f)2. 13|) and (|2. 18|) we note that we removed the projector P in our 
definition of B abc and B a b c in (|4.10p . This is allowed since (|3.9j) holds for the AdS4 x CP 3 
background. 

From (|2.14p and (12.190 we see that the four-fermion terms are 



S, 



(4f) 
00 



ah 



[Aa,T - 7,C+a + T(-Ba56 + B a ?g)\ ( A.r ~ + 7(^56 + -B&78) 



-v 



• 2 -2 
2/j 10 or -p a 1 lc ar ka^i 



+-ev + M z e - —ev + M z PT m2 zT + e + —er + M'(r 56 + r 78 ) 

b 12 24 



(4.14) 



? (4f) 
>01 



V ab (A atT - ^-C +a + -(B a ^ + B a78 )) A b „ + ^-9T + M 



<2/)/ 



12 



(4.15) 



c( 4f ) _ _rPbA Au 



(4.16) 



= Y 2 ^nT + M 



2 ' 



c c 
A a , T — 2^+ a + 4(^56 + B a7 g] 



1 

2 ' 



A 



b.cr 



where we used that 



or a D 7 



A a>r - c -c+ a + |(s a56 + 5.78) + OCR- 1 ; 



(4.17) 



(4.18) 



4.4 Fixing K-symmetry 

We are considering here the K-symmetry transformation on the super symmetric fermionic 
directions. We have already imposed a partial K-symmetry gauge choice by demanding P9 = 8 
thus reducing the number of fermionic directions from 32 to 24. In the following we fix the 
remaining 8 directions in the K-symmetry by a gauge choice that follows from our light-cone 
gauge. 

In general the K-symmetry variations are (assuming we are on the space of supersymmetric 
directions P9 = 9) 



E*5X^ + El 



[(! + !>]' 



(4.19) 



E^5X^ + E a J9 a = (4.20) 

where (1 + T)/2 is a spinor projection matrix defined in |49 | 150 1 [5T]. 

We analyze the K-symmetry in the Penrose limit. In this limit we have the super vielbeins 

E a = e a + i0Y a DQ , E a = {D6) a (4.21) 

Eqs. (j4TT9]) - (j4T20D give 

5X tM (D IM 9) a + 50 a = [(1 + I>] a , 5t + 2ier + D IM 65X^ + 2i9T + 59 = (4.22) 
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using e + = \dt and assuming P9 = 9 and P59 = 59. Combining these equations we get 

5t = -2ieT + (l + T)K (4.23) 

For the light-cone gauge to be consistent we need that 5t = under variations of K-symmetry. 
Suppose now we have a supersymmetric fermionic direction with PT~P9 = 0. Then we see 
from (|4.23p that St = 2i9 T (l + T)k. Thus, such fermionic directions are clearly not consistent 
with the light-cone gauge. The matrix PT~P has 8 supersymmetric fermionic directions with 
eigenvalue zero, characterized by T^qj^O = —9 and T~9 = 0. We fix the remaining K-symmetry 
gauge freedom by demanding that these directions are put to zero. This leaves the following 
16 physical fermionic directions in the light cone gauge 



8 fermionic directions defined by T^^O = — 9, T + 9 = 
8 fermionic directions defined by V^^9 = 9, 1^4956$ = 9 

It is useful to parameterize this by introducing the projectors 

^ _ I + T5678 I + T4956 _ I — T 567 g I — T 09 
r+ — ~ ~ 1 r- 



(4.24) 



2 2' 22 

_ * 1 r 567 8 1 - r 4956 



I + T5678 I — T4956 I ~ T5678 I + To9 



(4.25) 



named after the eigenvalue of 1^5678 • These projectors are mutually orthogonal to each other 
and they are all idempotent and symmmetric. We have 

P = V + + V- + VL , I = V+ + V- + V' + + V'_ (4.26) 

We are thus imposing that our spinor 9 = 9 1 + 9 2 obeys 

(V + +V-)9 = 9 (4.27) 

or, equivalently, {V' + + V'_)9 = 0. This is our condition for physical fermionic modes. 

It is worth noting that the gauge condition (14.24}) is different from the K-symmetry gauge 
fixing condition that one imposes for string theory in AdSs xS 5 . As it is well known, in that 
case it is sufficient to impose the condition T + 9 = for all the fermionic directions, while 
in this case, due to the less amount of supersymmetry, the condition T + 9 = does not only 
select supersymmetric states. 

4.5 Explicit fermionic terms in Lagrangian 

We compute here the fermionic quantities appearing in (|4.5p in terms of the fermionic bilinears 
defined in (ETLOj) 

C 2 , F = |a + , t + + ^(£+56 + 5+78) - ^C ++ (4.28) 
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Cs,bf = -ic^(C +t X n + C+iX*) + i [(At + - (ii )T + A ha )X> 



1=1 



■ 2 

+ ^ E [(^*56 + 5j 78 )X l - (Bi56 + 5j 78 )X' l J + — (-B+56 ~ B +78 )u^ 



(4.29) 



i=i 

,2 4 



+— E 5+-^ + - SiiB+uX* + B +4i X' 1 ) + ^ E e ij( B +~i xj + B+-iX' r ) 

i=l i=5 i,J=5 



o 
i=5 

+ 1 £ M'*(i + , r - i_ >T - A + , a - A_, a ) + JL £((X*) 2 + {X' l f)(A +yT + A_, r - A + , a + i_, CT ) 



' ' 2c 

i=l i=l 



+i E [Ci]{X n X 3 - X l P) + 2C ij X ,i X^ + icn 4 ^ s l {C +i X i + 



i=5 



1=1 



1=1 



i u j n +ij 



i=l 



1,3=1 



+ ~^" u 4 E [(^56 - B i78 )X l - (B i56 - B i78 )X n ~j - — U 4 ^2 s i [(-E?i56 + 5 i78 )X l ~ (5j56 + B i78 )X' % 



+ - 



IC 

2" 

ic 



i=l 
8 4 



i=5 



=1 i=i 

3 8 



=1 3=5 



££»<[ 



B+ijX 1 — B+ijX ,J 



=1 j=4 



+ I E((^) 2 + (^'T)(^-56 + 5-78 " 5+56 " B +78 ) 



i=l 



+ 4 E E ^ [( B +V ~ B -i3)( xi X k - X' l X' k ) + {B +i] - B^)(X^X' k - X l X k ) 

i=l j,k=5 

i 8 ic 3 

_ "§" U4 E s i e y(5+i-X J + B +i _X' 3 ) + — u 4 ^(5 + i 4 Ui - B+uu'A 

ij'=5 i=l 

i 8 ic 
_ 4 E ^^' l (^+56 + 5+78 + 5_ 56 + B- 78 ) - —{B +5& xiyi + 5+56X^1 + B +78 x 2 y2 + B +78 x 2 y 2 ) 

i=i 

8 . 2 

+ T U4 E(- 5 + 4i ^ + ^B+aX' 1 ) + ^(5+56 + B +78 ){u\ + u 2 2 + u 2 3 + 2u\) 



i=5 



(4.30) 
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U,f = ^0T + M 2 9 - l -^9T + M 2 PT 0123 T + e + l -^6r + M 2 (T 56 + T 78 )e + ^eT n T + M 2 6' 



1 C C 2 \ 

~2 ^ [ Ai ' T ~ \ C+i + I (5i56 + Bm) ] + 2 ^ A ^ 

i=l i=l 



c c 

M,r — 7tC+2 + 7(^56 + Bi7$) 



i=l 



i=l 



C ~ C ~ 



2 4 



A, 



I A - -C^ 
2> r 4 C+ ~ 

' A 1 A C ^ 



o(B-56 + B-78) 



c c c 

+ -^{B+56 + -B+78) + gC^-se + B-rsj 



U 



c c 
A+, T - 2 C ++ + ^(B+56 + B +7 $) 



+ 



c 

+ 4 



c c 



(C+- - C++ + -B +56 + -B+7s) 
where we used the notation defined in (14. 9h and 

s 5 = s 6 = 1 , s 7 = s 8 = -1 , e 56 = -e 65 = e 78 = -e 87 = 1 
with all other entries of Cj,- being zero. 



(4.31) 



(4.32) 



5 PP-wave Lagrangian, Hamiltonian and field expansions 

We analyze in this section in detail the pp-wave Lagrangian C 2 and pp-wave Hamiltonian T-L 2 
emerging in the R — > 00 limit. We split up the Lagrangian and Hamiltonian in the bosonic 
and fermionic parts 

£ 2 = C 2 ,B + £2,F , 'H2='H2,B+'H2,F (5.1) 

and analyze these separately in the following. The pp-wave spectrum on this background was 
derived also in (27] [28] [29] EJ [8] . The Penrose limit used here was found in [8] §| 



5.1 Bosonic part 

The quadratic bosonic Lagrangian is 

1 



C 



2,B 



5» 



2 /2 



c 2 u 2 ) + — ^2(x 2 a - x' 2 + 2cy a ± a + i) 2 a - y' a 

i=l a=l 

The momentum conjugate fields are defined by 



i2\ 



n, 



(5.2) 



(5.3) 



Notice that the resulting pp-wave background has two flat directions which makes it particularly well suited 
for studying the SU(2) x SU(2) sector [8]. The coordinate system of this pp-wave is similar to the one found 
by a Penrose limit in [52] which is particularly well suited to study the SU(2) sector of AdSs x S 5 , as explained 
in 153] [54]. See also [55]. 
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We get H Xa = (x a + cy a )/8, H Va = y a /8 and H Ui = Uj. The quadratic bosonic Hamiltonian is 

2 



2 2 
uf 



c%2 ^ = ^E [*4 + pi + < 2 + y'a] + \Y. [pI + < 2 + c 

a=l i=l 

where for convenience we defined the fields 

Px a = 8U Xa - cy a , p ya = 8U ya , p Ui = U Ui 

Notice that these fields are functions of the momenta and position variables. 
The mode expansion for the bosonic fields can be written as 



(5.4) 



(5.5) 



1 



a a e -i(ui n T-nu) _ ^a^\ ^(uJnT-na) 



Ui(r,a) = i-^= ' 



fii e -i(Cl n T-na) _ ffii ^ e i(tt n T-na) 



where 



— + n 2 , Q n = V c 2 + n 2 



(5.6) 
(5.7) 

(5.8) 



and we defined z a (r, a) = x a (r, a)+iy a (T, a). The canonical commutation relations [x a (r, a), H Xb (t, a')] 
i5 ab 5(a-a'), [y a (r,a),Uy b (T,a')] = i5 ab 5(a-a') and [u;(r, a), II nj (t, a')] = i5ij5{a-a') follow 
from 



Employing the previous relations we obtain the bosonic free spectrum as 

4 2 2 



cH2 = EE« + EE( w » - 1) k+EE( w » + 1) ^ (5.io) 

i=l neZ a=l ngZ a=l neZ 



with the number operators iV* = (a % n )^a l n , M% = (a a )n<i a n and N% = (o")l^, and with the 
level-matching condition 



i=l 



a=l 



(5.11) 



A peculiarity of the bosonic spectrum, as well as of the fermionic one, is that it contains 
four light and four heavy modes [29^ [8] . The role of the heavy modes has been investigated 
in [HI EE]. 



5.2 Fermionic part 



We now consider the fermionic part of the pp-wave Lagrangian. From (|4.28p we have the 
quadratic fermionic Lagrangian 



r ic ic ~ ic 2 . . ic 2 

L 2,F = ~^ A +,r + ~^ A +,° + -^-(^+56 + #+78 ) - 



(5.12) 
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Using the identities 

v+r 09 = v m v' + , r' + r 09 = v 09 v+ , V-T 09 = r 09 V- 

we compute 



-V- 



(V+ + V-)r°r + (v+ + v-)=v+ + 2V- 
(v+ + v-)r°r + pr 0123 r + (v + +v^) = (v + + 47>_)r 123 

We can thus write the four terms in ()5. 12|) as 

A +jT = 9{V+ + W-)8 , I+ )(J = -9{V+ + 2V-)T ll 9' 
5+56 + B +78 = 9(V + + 2P_)(r 56 + T 78 )9 , C++ = 9(V + + 4P_)T 123 9 



(5.13) 



(5.14) 



(5.15) 



where we used our K-symmetry gauge choice (V+ + V-)9 = 9. 

Instead of parameterizing the fermionic directions in terms of the 32 component real spinor 
9 = 9 1 + 9 2 , Tn^ 1 = 9 1 and Y\i9 2 = —9 2 , we parameterize the fermionic directions in terms 
of the complex spinors 



J 1 + tT, 



01!) f 



l 1 - iT Q49 9 2 



(5.16) 



We see that = ip hence ip has 16 complex components. From our choice of K-symmetry 
gauge we have that physical spinors obey (V+ + V )9 = 9 with the projectors V± defined by 
(I4.25p . Since To49 commutes with V± we get that the physical spinors ip obey the condition 



CP+ + p_)V> = v 

In the following we split up the spinor as ip = ip+ + ip- with ip± = V±ip. 
Using the above formulas in (|5.12p we get the Lagrangian 



(5.17) 



r %c 
£2,f = - 



1 



+ w*_i>- - - (v+^+ + + + 2^0 



- c 2 ^i + ^-w* (5.i8) 

in terms of the physical spinor fields tj)±. Note that we added here the total derivative 



(5.19) 



such that there is no ip* dependence in the Lagrangian. 

From the corresponding e.o.m. we get the following mode expansions 



n "71, Jn ""n "> 



A e ) a/3 [ 9nn >P + 9n°n,l3 e 

n&Z 



with the constants and defined by 

± _ y/u n + n ± V^n " 



J n 



n 



2v/^ 



2 yO^ 



(5.20) 
(5.21) 

(5.22) 
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and where the oscillators are subject to the conditions 

V+d n = d n , Tud n = d n , V-b n = b n , Y\\b n = b n 



and obey the anti-commutation relations 

i + r 

{d m ,ai d) n o\ = 5 mn { - 'P+)af3 i {brn,ai b n a} = firnni 



i + r 
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From this we obtain 



{ip+, Q (T, cr),^ )/3 (r, a')} 



W 1 + Tii , 



(5.23) 



(5.24) 



(5.25) 



{V>- a (r,cx),^ i/3 (T, a')} 



2W 1 + Tii 

-^-( j V-) a pS[a - a ) 



Hence 



By introducing the fermionic momenta 



ic 



{2V-+V+W 



Sip 2 

we can write the following anticommutation relation 

{Mr, *),Pp(T, a')} = -2ma! £±^{V- + V + )) a p8{a - a') 
The quadratic fermionic Hamiltonian is therefore 



(5.26) 
(5.27) 

(5.28) 
(5.29) 



■H 2 ,f = ^(cV+V^ - W+ + 2c 2 ^_V- " 2/>V_) - + ifp-P- + ^-r 56 P- (5.30) 

where we have defined p± = V±p. The fermionic spectrum can then be computed and reads 

4 6 8 



cH- 



2,F 



E 



.6=1 



6=5 



6=7 



(5.31) 



with the number operators i 7 ^ = d)n )0l d n ^ a for 6 = 1, . . . , 4, and F$ = bn,ab n ,a for 6 = 5, . . . , 8. 
The level-matching condition, including also the bosonic part, is 

4 2 8 



E 



^Ar; + ^(M n a + K) + ^ F W 



i=l 



o=l 



6=1 



(5.32) 



As mentioned before, the fermionic spectrum splits into four light and four heavy modes. The 
pp-wave spectrum (|5.31|) is in agreement with the one computed in [27J ESI E2] in a different 
coordinate system. However the result of j27J [281 E2] has been obtained using the /{-symmetry 
gauge fixing condition T + 6 = 0. This differs from the gauge choice (|4.24p used in this paper 
which is the appropriate one if one wants to study corrections to the pp-wave limit. In fact the 
gauge condition (|4.24p ensures that we are selecting the appropriate supersymmetric states. 
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6 Fermionic field redefinition on the Lagrangian 



The Lagrangian (|4.6p - (|4.8p . (|4.28|) - (|4.31[) found in Section H] is the full Lagrangian to order 
1/R 2 . However, it is convenient to perform fermionic field redefinitions on this Lagrangian 
to make it easier to pass to a Hamiltonian formalism. In particular, the main complications 
for the fermionic terms in passing to the Hamiltonian formalism are to change the fermionic 
variables to fermionic positions and momenta and to perform the Dirac procedure. For both 
these procedures the relevant quantities to consider are the fermionic momenta. However, it is 
important to notice that it is the fermionic momenta as functions of the bosonic positions and 
momenta, as opposed to the bosonic positions and velocities, which are the relevant quantities 
for both the change of fermionic variables and the Dirac procedure. 

The goal of performing fermionic field redefinitions of the Lagrangian is thus that the 
fermionic momenta, with the bosonic variables being the bosonic positions and momenta, 
are as simple as possible in terms of their 1/R and 1/R 2 corrections. Unfortunately, it does 
not seem possible in a straightforward manner to remove 1/R corrections to the fermionic 
momenta by fermionic field redefinitions. This is because the field redefinitions induce prob- 
lematic terms with second derivatives of the bosonic coordinates at order 1/R 2 . Therefore our 
goal in the following is to perform field redefinitions of the Lagrangian such that the fermionic 
momenta have no 1/R 2 corrections. 

Given the Lagrangian £ g f (X 1 , X 1 , X' 1 , 9, 9, 9') consider now a field redefinition 9 = 9(X l ,X % ,X' 
such that the new Lagrangian is given by 

£ ncw (X\X i ,X'\9,9,9') = C gi (X i ,X i ,X ,i ,9,§,9') (6.1) 

Take 9 = 9{X\X\X'\ 9) to be of the form 

9 = 9 + ^K a {v+ + ~P-)r°r o + ^K a (v + + ~V-)r°r n T a e (6.2) 

where a is summing over +, -, 1, 2, 8 and K a = K a (X\X\X'\ 9), K a = K a {X\X\X'\ 9) 
do not carry any spinor indices. Then we see that 

9(V+ + 2V-)§ = A+ >T + A {K a A a<T + K a A a , T ) + 0(R' 3 ) (6.3) 

Notice that the terms with K a and K a vanish since 9T a 9 = and ^rnr a # = 0. Similarly we 
have 

0r o rnr + 0' = I +1<J + (K a A a<a + k a A a ^) + o(r- 3 ) (6.4) 

9T°T + T 5e 9 = 5+56 + ]p(K a B a56 + K a B a5G ) + 0(R~ 3 ) (6.5) 
9T 123 (V + + 4V-)9 = C++ + ^{K a C+ a - K a C+ a ) + 0(iT 3 ) (6.6) 
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where we used Eqs. (|5.13p - (|5.15p . Thus, the field redefinition (|6.2p induces the following 
additional terms that we should add to the original Lagrangian 



ic 
R 2 



+ 



icr 



2R 2 



K (^a,r + A a>CT ) + K (^4 a ,r 4" A a(Tj 

(-K a C +a + K a C +a ) 



+ 



ic 

ARj 



K a (B a56 + B a7S ) + K a (B a56 + B, 



a78, 



We choose now the following field redefinition 



j = 1,2,3,4: i^ = -ic + ,- + ^V, fr = ±A M 



(6.7) 
(6.8) 



j = 5,6,7,8: K j 



-—SjU4 

c 



X 3 - -C +j + ~ g E £jkB k +- + -gSjBq. 

' fc=5 



#j = -i SjU4 x' j + ±A i)<T 



(6.9) 



«4 + ^+,<r - ^-,<x + ^(#+56 + ^+78 - C++ + C 4 



1 



'\2 



1=1 



i=l 



^2 Z — / 4 C 



1=1 



(6.10) 

This field redefinition gets rid of all 1/R 2 terms in the fermionic momenta when written in 
terms of the bosonic positions and momenta, apart from terms coming from the 6T + Ai 2 6 
kinetic term in (|4.3ip . To remove these terms we perform the additional field redefinition 



e = 9 



12R 2 



er + M 2 (v + + -V- 



(6.11) 



This induces the following additional terms that we should add to the four-fermion Lagrangian 



ic 
12 



6T + M 2 e + ^-8r + M 2 r u e' - ^-9t + m 2 {t^ + r 78 )# + ^eT + M 2 pr Q123 T + e (6.12) 



ic- 



ier 



12 



1.8 
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We now get the following modified Lagrangian after the field redefinition 

u, BF = - j E [po 2 + (X'r] + B +56 + B +78 - C++ + C+_) - < c ++ 

i=l i=l 
3 • 2 4 8 

+icA +ia [j2 u i ~ u l + l -Y^2 u l(B+56 + B +78 ) - 2iu 4 J2 s i( A i,T + At,*)** 

i=l i=l i=5 

-^M' i (-A + , CT + £+ 56 + B+ 78 + C+_) +i r v !.V".V" .V'.V- • 2C / .Y' ; .Y' 

8 8 

+ f «4 E ^C^X' + + |u 4 J] [(B i5 6 - ^78^ " (Bise " Sire)*'* 

j=5 i=l 

-f E E - S-o-^) - 5 E E ^ ~ ^X' j )B 4ij + {X*X* - X*Xi)B* 

1=1 jr' = l 

3 8 



=1 j=5 



i=i j=4 

8 8 



- j(B+56iiyi + B+seXiyi + B +78 x 2 y2 + B +78 x' 2 y 2 ) 



+1 E E e ^ " " ) + " S-v)^'* " ^'^ fc ) 



j=l j,fe=5 



i=5 ij=5 

ic 3 3 ic 8 

+ 2" " 4 E^+ i4 ^ ~~ ^H 4 *4) + ic E u 'i u jB+ij - —u 4 ^2 Si(B i56 + B i78 )X l 

i=l i,j=l i=5 



(6.13) 



1 8 

A,f = ^rur+AiV + ^0r + M 2 rn^ - ^ E + + + b„ 8 ) - c c +i 

i=i 

2 8 8 ^8 

+ "g E C +i ~ 4 E [^i^+^i ~ 2 E e ^'- B +-J'] (At + ^i,<r - ^C+i + 4 (^56 + Bi 7 afj 



1 



+ 2 ( A +,<r - + l A +,° [ C +- + ^+56 + £+78 

In terms of this new Lagrangian we have 



C+- - C++ + i?+56 + -B+78 

(6.14) 



dA 4 



dC 


i 


dC 




dA j:T 


dA 3,T 


ic 


dC 


dC 


dC 


2 ' 


9l+, T 


dA- T 


&4_ T 



= 



(6.15) 



dC 



d{9T + M 2 9) 



= 



with j = 1, 2, 8 and where we used 



V2, 



Pi=l..A — (Pui > Pv,2 i P113 > P114) 1 Pi=5...S — ^ {PxnPynPx2iPy2) 



(6.16) 
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From (|6.15p we see that the purpose of making the fermionic field redefinitions is fulfilled in 
that the fermionic momenta do not have 1/R 2 corrections and that they do not depend on 
9. This ensures that one needs only to take into account the 1/R corrections to the fermionic 
momenta when changing variables to fermionic phase space variables in the Hamiltonian 
and when performing the Dirac procedure. Furthermore any 8 dependence in the fermionic 
momenta would have caused problems in these procedures. 



7 Full light cone Hamiltonian up to quartic terms 

This section contains the two principle results of this paper. The first is a way to combine the 
shift to fermionic phase space variables and the Dirac procedure (getting the Hamiltonian in 
a form where the canonical quantization is simple). This is a highly non-trivial result since 
we have both a first and a second order correction to the Hamiltonian. 

The second principle result is that we have computed explicitly the full Hamiltonian, 
including quadratic, cubic and quartic terms in the fields, in phase space variables with a 
simple canonical quantization procedure. The total Hamiltonian that we compute in this 
paper is written in the following way 

U = U 2 ,B + n 2 ,F + ^(^3,B + n 3 ,BF) + ^(^4,5 + ^BF + Ua,f) + 0(R~ 3 ) (7.1) 

7.1 Qubic and quartic terms in bosonic Hamiltonian 

The bosonic terms in the Hamiltonian are readily obtained using the Legendre transform 

4 2 2 

cHb = ^2 ^ nn » + ±iUx > + E ^ n f» ~ ^ b ( 7 - 2 ) 

1=1 1=1 1=1 

where Cb is the bosonic part of the light cone gauge fixed Lagrangian (|4.6p - (|4.8p and where 

For convenience we define as in Section [5] 

Px a = 8U Xa - cy a , p Va = m Va , p Ut = U Ut (7.4) 

Notice that these fields are functions of the momenta and position variables. The cubic terms 
in the bosonic Hamiltonian are found as 



^ B ~ 8~c I' 



2,2 2 2 1 2 / 2 , / 2 , / 2 

Pxi + Pyi ~ Px 2 ~ Py 2 ~ x l -Vl + x 2 +V2 



(7.5) 



The quartic terms in the bosonic Hamiltonian are 



8 / 8 3 \ ' 

^ = ^(Ep^ 2 - ^3 [E(p 2 + (^) 2 ) - c2 E u > + c V 

i=l \i=l i=l / 

+ t c < + ~ E u M 2 -p 2 ) + \<Y.p 2 

i=l i,i=l *=5 
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+^(P6V? +Prtl£) + \-/Av\ - X' 5 2 ) + l»i(p? - ^ 2 ) (7.6) 

with 

Pi=1...4 = {Pui ■> P112 ■> P113 i P114) 1 Pi=5...8 = ~~T^Px\iPy\iPx2iPy2) 

4 /k (7.7) 

v ii=\..A , 1 1 1 f \ v ti=5...8 V z / / / / / \ 

A = (u^^,^,^) , X = -v-{x 1 ,y 1 ,x 2 ,y 2 ) 

Thus, (|5.4p along with (j7.5jl - (|7.6p constitute the final expression for the bosonic part of the 
Hamiltonian. 

7.2 Preliminary expressions for the fermionic Hamiltonian 

In this section we compute the fermionic part of the Hamiltonian as function of the bosonic 
phase space variables (i.e. position and momenta) but without changing variables to fermionic 
phase space variables. This change of variables is performed below in Section IT51 where we also 
perform the Dirac procedure. We find the Hamiltonian using the field redefined Lagrangian 
given by (I5TT8]) . (109]) and ([513]) - (15131) . 

Before finding the Hamiltonian we perform first the variable shift in the Lagrangian from 
9 to ip and ip* defined by 

rjj = 9 1 + ir 04 9# 2 , ip* = 9 l - iT 0A9 9 2 (7.8) 

as in Eq. (|5.16p in Section [5J In terms of the Lagrangian in these variables we define the 
fermionic momenta 

p=^, p* = ^ (7.9) 
dip dtp* 

We find p and p* explicitly in Section 17.31 The Hamiltonian is now found by employing the 
Legendre transform 

4 2 2 

cH = ipp + ip*p* + <hOih + E ±iUx ' + Z V&m ~ £ § f ( 7 - 10 ) 

i=l i=l i=l 

We can perform the Legendre transform without knowing explicitly p and p* in terms of ip 
and ip* . All we need to employ is that we know from (|6.15p that when the Lagrangian is 
written in bosonic phase space variables there are no terms that are non-linear in 9. Hence 
the fermionic part in the Legendre transform (|7.10p simply corresponds to removing all terms 
with 9 in the Lagrangian written in bosonic phase space variables. 

From the above we compute the cubic fermionic part of the Hamiltonian to be 

. 8 

T-L3,bf = -—B+^tUi - —{B + w - B +78 )u A - - 22 Si{B +4i pi + B +Ai X n ) 

i=5 

^11 11 
+*'£[(" -Ai, ff + C +i - -(B m + B i7s )) Pi + (-Ai >a + C +l + -(Bise + B i78 ))x 

i=l 
. 8 

- l -Y2^ B +-iPo+B+-iX' j ) 

i,j=5 

(7.11) 



4 In deriving this we used that _B_| j = for i — 1,2, 3. 
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n\2 



The part with two bosons and two fermions is 

. 8 

8 

+ ^ + + ^+78) + ~C 



A+,a + -^{B + 56 + 5+78 - C++ + C+ 



i=i 



i=l 

3 . 4 



2 2 

*i - n 4 



1=1 



-78 J 



1=1 



O O <J 

~u 4 ^ Si [c +iPi - C +i X H ] ~ l ~Yl [ c iA x ' ix ' j ~ PiPj) + ZCijX'^ - i <UjB, 



i=5 
8 



-|«4 ^ [(-Bj56 - 5i78)Pi - (5i56 - B i78 )X'^ - ^u 4 ^ (3B + -iPj + -B + _iX A 



1=1 

4 8 



i,j=5 



8 8 



-J E E u * " B-ijX' j ] +Y c Y,12 s i [foPi - X ' ix ' j ) B ^ + & X ' J - X>i Pj)Buj 

i=l j=l i=l j=5 

.38 . 

-\Y^Z Ui [ B +ijPj ~ B +ij X' 3 + j(B +56 p Xl yi + B +56 x[yi + B +78 p X2 y 2 + B +78 x 2 y 2 ) 

i=l j=4 
. 8 8 

E E e ^ " B -v)(PiPk - X ' ix ' k ) + (B+ii - B- ij )(p i X' k - X fi p k ) 

i=l j,k=5 

8 . 3 

~4 U4 Y( B + iiPi + 3 ^+4i^ /J ) + -U4 y~](B + 4iPi - B+AiUi) 
i=5 i=l 



(7.12) 



Finally, the four-fermion part is 



n^F = -^(ernT+M 2 ? + ev + M 2 v xl e') - 1« CT - i 2 +i(J ) 

--^A +)CT {C + - + B+ 56 + B +78 ) + -A hcr (C+_ - C++ + -B+56 + S+7s) 



(7.13) 



4 8 .a 

° ^ ~ 32 E [ 2C,+i ~ s i B +*i + 2 E ei i B +-J 

i=l i=5 



j=5 



Note that all the above expressions (|7.11|) - (|7.13|) can be thought of as being in terms of ip and 
tp* rather than in terms of 9. More explicitly, one can invert (|7.8p 



Tq49 

2t 



(7.14) 



and plug this into (14. 10|) in order to obtain A a>a , A a>(T , B a b c , B a t, c , C a b and C a b in terms of ij) 
and ip* . 



7.3 Dirac procedure and shift to fermionic phase space variables 



As stated in Section 17.21 the Hamiltonian (|7.1ip - (|7.13p is not our final expression for the 
fermionic terms in the Hamiltonian. To find the final form we need to perform two tasks, 
both involving a fermionic field redefinition of the Hamiltonian. First we should make the 
coordinate change from to the fermionic phase space variables (i/j,p). However, this is 

not sufficient since the canonical commutation relations would have a complicated structure 
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due to the fact that the Dirac brackets receive 1/R and 1/R 2 corrections. Hence the second 
task is to determine the field redefinition that one should perform on the Hamiltonian in order 
to be able to use the canonical commutation relations without 1/R and 1/R 2 corrections. 

Performing these two tasks, and finding the two fermionic field redefinitions, is very non- 
trivial and involved since we have both 1/R and 1/R 2 corrections. We found therefore a way 
to combine the two field redefinitions into one field redefinition performed on the 6 variable. 
In this way the structure of the combined field redefinition becomes sufficiently elegant and 
simple such that we can perform it explicitly and compute the resulting extra terms that one 
should add to the Hamiltonian ()7.11j) - (j7.13|) . 

Computing the fermionic momenta 

To proceed with the program outlined above we need to compute the fermionic momenta as 
defined in ()7.9p . From the field redefined Lagrangian (j5. 18j) . ()4.29p and (|6. 13|) - (|6. 14[) we see 
that the terms with are 

. 8 

£gf = -f TP(P+ + + £ Z)(ftAr " ^hr) + 0(R~ 3 ) (7.15) 

i=l 

From this we find the fermionic momenta to be of the form 

p = E(ip* + mip* + nip) , p* = E(mip + nip*) (7.16) 
with E, m and n determined as 

tc 

E = --(V + + 2V-) 

1 8 1 

m + n = ^ E(« + X '^ V + + 2^) r ° r ^+ + V ~) (7.17) 

i=l 

1 8 1 

T 0A9 (m - n)r 04 9 = ^ E(Pi - X n )(V + + -V-)T T i (V + + V-) 

i=i 

Shift to fermionic phase space variables 

Consider the Hamiltonian listed in Eqs. (|7.1ip - (|7.13p . This is the fermionic part of the Hamil- 
tonian written in terms of ip and ip* as well as in the bosonic phase space variables. We write 
this as 

H (1) (iP,r) (7.18) 
Our first task is to write this Hamiltonian in the phase space variables ip and p. This one can 
do by eliminating ip* order by order in 1/R using the expressions for p(ip, ip*) in (|7.16p - (|7.17p . 
This can equivalently be thought of as a fermionic field redefinition of ip and ip* . Specifically, 
by inverting (|7.16p the field redefinition takes the form 

ip(ip,p)=ip, ip* (ip , p) = E' 1 p — mE~ l p — nip + m 2 E~ l p + mnip (7-19) 

Here E' 1 is defined by EE' 1 = E~ l E = V+ + V-. Then we define the Hamiltonian 

H {2) (iP,p)=H {1) (iP,iP*^,p)) (7-20) 
This is the Hamiltonian written correctly in terms of the phase space variables ip and p. 
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Dirac procedure 

The second task is to implement the Dirac procedure. This is necessary since the fermionic 
momenta ()T.16j) - (j7.17[) results in a complicated structure for the canonical commutation rela- 
tions since the Dirac brackets are non-trivial. 

We begin by defining the Poisson bracket for Grassmanian fields as 



{A,B} P = -{V-+V+) C 



dA dB dB dA\ ( dA dB dB dA 

+ 77—77— + I I + 



difj a dp/3 diliadppj \dipidpl dipt dp^ 



(7.21) 



Here the projector V+ + V- is due to the fact that we work in the subspace of physical states. 
From the fermionic momenta (|T. 16j) - (|7. 17j) we read off the constraints (up to corrections of 
order R~ 3 ) 

rj (tp, tp* , p, p*) = p — Eip* — Emip* — Enip 
rf (ip,ip* , p, p*) = p* — Emip — Enip* 
In terms of these constraints the Dirac bracket for Grassmanian fields is defined as 



(7.22) 



{A, B} D = {A, B} P - {A, rf a }p{C- l f^W p , B} P (7.23) 

where C^q,)^) = {rf^rf^p. We compute 

^ / E\ ( n m\ , 

C = ( n + 2E\ (7.24) 



E / \ m n 



The inverse is 



C-'= ° / ]-2( ^m\_ 1+ Jmn + nrn m 2 + n 2 \ 
\ E / \ m n j \ m + n mn + nm I 



up to corrections of order R 3 . Using these results we find the Dirac brackets 

{if>a, 4>(s}d = [2HE- 1 - 4(mn + nm)B 4 ] afj 
{ipa,Pp}D = {ipa,Pp}p +[m- 2m 2 - 2n 21 



(7.26) 



la/3 

To quantize the theory, one should impose the above Dirac brackets for ip and p as the anti- 
commutators for the quantum fields. However, one can also find a field redefinition ip(ip,p) 
and p(ip, p) such that the Poisson brackets for ip and p are equal to the Dirac brackets (|7.26j) . 
i.e. 

{lpa,1pp}D = {4>a, i>p}p , {ipaiP^D = {^a,Pp}p (7.27) 

We write this field redefinition as 

$(ip,p) = il) + Ail> + Bp, p(ip,p) = p + Ap + Bip (7.28) 
and define the Hamiltonian 

H (3 0,p) = p),pW),p)) (7.29) 
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Note here that H(2}{ip, p) obviously is the Hamiltonian that one should perform the field 
redefinition in since this is the one written in terms of the phase space variables. We compute 

V>*(V>0, p), p{^, P)) = E ' l P + {-mE^ 1 + E~ X A - mE~ x A - nB + m 2 E~ 1 )p 

+(— n + E~ X B - nA — mE~ l B + mn)tl> (7.30) 

Imposing now (|7.27p we see that the field redefinition (|7.28p is required to satisfy 

{i>a, ipp}p = {ipa,tpp}D = [(2n - 4mn - 4nm)E~ 1 ] al3 

{^>a,Pp}p = i^cc, Pp)d = {^a,P/3}p + [m - 2m 2 - 2n 2 ] a /3 

We compute 



(7.31) 



(7.32) 



(7.33) 



{V> a , #}p = - [B + B 1 + AB + BA 1 ] aP 
{$a,Pp}p = bl)*,pp}p ~ [A + A T + AA T + BB T ] a/3 
and hence we obtain explicitly the constraints on the field redefinition (|7.28p 

B + B T + AB T + BA T = (-2n + Amn + Anm)E~ l 
A + A T + AA T + BB T = -m + 2m 2 + 2n 2 

Combining change of variables and Dirac procedure into redefinition of 6 

We consider now how to solve the constraints (|7.33p on the field redefinition (|7.28p in order 
for (|7,27p to be satisfied. We do this by seeing the two field redefinitions (|7.19p and (|7.28f) as 
one combined redefinition from Hn) to T~i(3) 

n (3) w, P ) =n m m^,p),p(^,p)) =n {1) (i>(i>,p),r(^,p),P^,p)) (7.34) 

and demand that this field redefinition should take a simple and elegant form when written 
as a field redefinition of the variable 6. 

We begin with imposing that to first order in 1/R our transformation looks like 

$(if>,p) = ip-rmp-nE^p + OiFT 2 ) , ip*(4>(tp, p), p{ip, p)) = E~ l p-mE~ l p-ntp + 0{R~ 2 ) 

(7-35) 

From (|7.3U|) we see that this means that A and B are zero at order 1/R. We get furthermore 
that 

A = -m + 0{R- 2 ) , B = -nE- 1 + 0(ir 2 ) (7.36) 
using here {nE~ l ) T = nE~ l . Inserting this in (|7.33p we get 

3 

A = -m + 2m 2 + 2n 2 - A T , BE = -n + -(mn + nm) (7.37) 
using here nE~ 1 m T = nmE~ l . We get therefore 

3 

ip(tp, p) =ip-mip- nE~ x p + (2m 2 + 2n 2 - A T )tp + -(mn + nm)E' 1 p (7.38) 
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tp*{tp{ip, p),pW>, p)) = E~ l p - mE~ l p -ntp + (m 2 + n 2 + E~ l AE)E~ l p 

+ {nm + mn + E~ l B)ip (7.39) 

We write now the combined field redefinition of the Hamiltonian (|7.34p as 

« (3) ty, e^) = n w (ii> + a^(v, + a^*(v, r» (7.40) 

Then 



3 

Aip{ip, if)*) = —mip — nip* + (2m 2 + 2n 2 — yl)?/> + — {mn + nm)ip* 
Aip* (if), ip*) = -mip* -nip + (m 2 + n 2 + E~ x AE)ip>* + (ram + mn + E~ x B)ip 



(7.41) 



We would like that A^*(^,^*) = Aip(tp* ,tp) since this seems a necessary requirement for 
writing the field redefinition in a simple fashion in terms of 9. This fixes 

A T = E~ l AE = ]^{m 2 + n 2 ) , E~ X B = ^{mn + nm) (7.42) 

Note that this works since E~ l {m 2 ) T E = m 2 and E~ 1 {n 2 ) T E = n 2 . Then the total field 
redefinition is 



3 3 

Aip(ip, ip*) = —mip — nip* + — (m 2 + n 2 )ip + — {mn + nm)ip* 

3 3 

Aip*{ip, ip*) = —mip* — nip + — (m 2 + n 2 )ip* + —{mn + nm)ip 



(7.43) 



We now wish to write down the equivalent field redefinition in terms of 9. Thus, we wish to 
perform the field redefinition 

U { z ) {6) = U {l) {6 + A0{6)) (7.44) 
Using (|7.14|) we find the field redefinition (|7.43p in terms of 9 1 and 8 2 

3 ' \2\/}l 



(7.45) 



A9 1 = ( - (m + n) + -(m + n) 2 ^ 1 

A# 2 = ( - r 49(w - n)r 04 9 + ^(r 49("T- - n)r 04 9) 2 )# 2 
Finally, from (|7,17p we see that we can write the field redefinition for 6 on the form 

A9 = [ - (Y + r n y) + f(y + r n y) 2 ] 

8 8 

Y = ^Y jPl {v + + \v-)T T l {v + + V-) , y = -L^x /i (p + + ip_)r°r J (p + + p_) 

i=l i=l 

(7.46) 

Extra terms induced by the field redefinition 

We now consider what extra terms should be added to the 1/R and 1/i? 2 terms of the 
Hamiltonian (|7.1ip - (|7.13j) in accordance with the field redefinition (17, 46ft , Using A9 with %2 
we see that we should add the following cubic terms 

.8 .8 .8 

AU^bf = ^(-X ,i ^, CT+K i iiff ) + ^( K i? i 56-^ ,i ^56)-^(KC+ J + ^' i C +J ) (7.47) 

i=l i=l i=l 
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(7.48) 



For the quartic terms we have three different sources of contributions. Either from A9 in H2 , 
from AO twice in %2 or from A8 in I-L3. This gives the following quartic terms that all should 
be added to T-La,bf 

8 . 8 

AH 4 ,bf = ^2 E M + X' l X" 3 )E t3 - ^ E +Pi X " j )Eij 

i,j=l i,j=l 
8 8 

"1 E " X ' ix ' j ) c i+-J + I E -PiX^d 

i,j=l i,j=l 
8 . 8 

E (W* + X^V+w - ^ E + A-^JC+ia- 

«j=i jj=i 

8 8 

+^ E E [(P*P* + ^ /fe )(^+-i;fc + %fc) + (*'*P* + KX /fc )(i3+_ i;fc - S ifc ) 

«J=5 fe=l 

8 . 8 

E^ B +-^ " ^'^+-4:0 + ^ E [ft( s «6 - 5 i78 ) - X'\B m - B m ) 

i=l i=l 
. 8 8 

+^ E E Si [(P*Pi " -X^JfiHia- + - p l X n )B +Ai , 3 

i=B j=l 

We defined here the purely fermionic terms 

Babc-,d = 0T abc (V + + ^V-)T°T d e , B abc , d = ~6T ll T abc {V + + ^P-)T°T d 9 
C ab ;c = 9T a PT i23T b (V + + ^V-)T°T C 8 , C ab]C = eT 11 T a PT i23T b (V + + ^V-)T F c e (7.49) 



1 



1 



= er a (v + + -p_)r u r b , E ab = ev ll v a (v + + -v.^ne 

7.4 Final expression for fermionic terms in Hamiltonian 

We are now ready to write the final expressions for the fermionic terms in the Hamiltonian. 
The pp-wave Hamiltonian %2,F is given by (|5.30[) . as computed in Section [5j Combining 
(17. lip and (I7.47h we see that the cubic piece H^^bf is given by 



ic , 



ic 



K^BF = 2 ^2( c +iPi + C +i X n ) - ^(B +56 - B +78 )u A - ^B + - 4 Ui 

8 .8 (7-50) 

E Si(B +uPi + B +4i X' r ) - 1 E e ij( B +-iPj + B +-i x '' 

=5 *J=5 



I 

4 
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Combining (|7.12p and (|7.48p we see that the two-boson- two- fermion piece H^bf is given by 

3 



H, 



2 2 
U { - U 4 



>BF = i E + i ~ X ' i ) 2 ) [ A +>° + f + B +™ " C++ + C+_)] - ii+, CT [E 

C i=l i=l 

^ J>X" [A,.,, + ^(5+56 + B +78 ) + + I E «i 2Cr ++ - I E + ^+7^ 



C+iPi — C+iX 



i=5 



-7i 4 ^ s i e ij (3B + -ip j + B+-iX n ) + -(5+ 56 p Xl yi + B+^x^yi + B +78 p X2 y 2 + B +78 x' 2 y 2 ) 



i,j=5 



E E "' u/'/ - /' • ^EE*' [(Mi - • V " A "') / ';., + to" - X'^Buj 

3 



i=l j=l 

3 8 



i=l j=5 



E E Ui ~ B +ij X' j - jU4^2(B +M pj + 3B+4iX'*) + ^u 4 ^(jB+^p, - S+ 4i n^ 



1=1 j=4 
8 8 



i=5 



hy - B^)( PiPk - X H X' k ) + (B+y - B^piX 1 * - X n p k ) 

i=l j,k=5 

+^ E M + - ^ E W +»^)^ - 1 E to - *'^')^ 

i.j=l i.i=l »J=1 

+1 E {X*Pi-PiX")C»* - ^ E (Wi + - ^ E + ^')^ 

jj=l ij=l ij=l 

8 8 8 

+ ^ E(P^+-4;i " X'^+_ 4;i ) + | E E ^ [to - •V'.V')^. ,,, + (X'Vj - P,!")^ 



i=l 



-4i;j 



i=l 
8 8 



i=5 j=l 



+ ^ E E ^ [to + X' i X ,fc )(fi+_ i;fc + E jk ) + (X'Vfc + ^X ,fc )(B+_ i;fc - E jk ) 

i,j=5 k=l 

(7.51) 

Here we still use the definitions (|4.10p and (|7.49p as the definitions of the various two-fermion 
objects. However, we take 9 in these definitions to be given in terms of ip and p as 



0(1/,, P ) = \(i> + E^p) + - E-'p) 

2 2i 



(7.52) 



In this sense we have specified how H^^bf and %^bf in (|7.50p - (|7.5ip depends on the fermionic 
phase space variables ip and p. Finally, the four-fermion Hamiltonian H^f is given by (|7.13p 
since the field redefinition (|7.46p does not induce any additional four-fermion terms. Again, 
the two-fermion objects in (|7. 13|) are defined by (|4.10p with 6(ip,p) given by (|7.52p . 

Thus, we have now specified all the quadratic, cubic and quartic terms in the Hamil- 
tonian in terms of the bosonic and fermionic phase space variables. And, furthermore, by 
implementing the Dirac procedure as part of a field redefinition we have made sure that the 
quantized Hamiltonian has the canonical commutation relations for the fermions, i.e. that the 
anti-commutation relation (|5.29p is not corrected by 1/R or 1/R 2 corrections. 



31 



Acknowledgments 



We thank M. Cvetic, P. A. Grassi, S. Hirano, C. Pope, R. Roiban, K. Stelle, A. Tseytlin, 
K. Zarembo, K. Zoubos, and especially D. Sorokin for many interesting and stimulating 
discussions and correspondence. We thank the Referee of Journal of High-Energy Physics for 
useful comments and suggestions to the manuscript. GG and MO thank the Galileo Galilei 
Institute for Theoretical Physics for hospitality and the INFN for partial support during the 
completion of this work. The work of GG is partially supported by the MIUR-PRIN contract 
2007-5ATT78. 

A AdS 4 x CP 3 background 

The AdS4 x CP 3 background has the metric 

R 2 / \ 
ds 2 = — (- cosh 2 pdt 2 + dp 2 + sinh 2 pdtt 2 ) + R 2 ds 2 :pi (A.l) 

with 



ds 2 cp3 = -dtp 2 + -dVLf, + -dtt'/ + cos 2 tp(dd + oj) 2 (A.2) 

4 8 8 

where the one-form co and the metrics for the two two-spheres are given by 



u> = - sm6\dipi -\ — sin 9 2 d^ 2 (A. 3) 

4 4 

dnl = d0\ + cos 2 Oid^l , dQ,' 2 = dOl + cos 2 9 2 dyl (A.4) 
The two-form and four-form field strengths are 
j 2. — sin ib 1 ~\~ sin ib 

— F(2) = - cos ipdip A (dS + uj) -\ cos Q\dQ\ A dipi cos 9 2 d6 2 A dip 2 (A. 5) 

13 3 

^f( 4 ) = g£AdS 4 = g cosh p sinh 2 pdt A dp A dCl 2 (A. 6) 

The curvature radius R is given by 

R 4 = 32vr 2 A/f (A.7) 
Defining the coordinates u±, u 2 and U3 by 

fsinhp=-^, f (dp 2 + sinh 2 ^ 2 ) = ^ii|, u 2 = j^u 2 (A.8) 

and the coordinates Xi,yi, i = 1,2, and 114 by 

R 

xi = Rip! , ?/i = R61 , x 2 = R(p 2 , y 2 = R6 2 , u A = —ip (A. 9) 
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we can write the metric as 



4 (1- 
+ \ (cos 



i? 2 



. u 4 \ 
Sm Rj 



R 2 



ad + 2do sin — — — + sm 



i? AR 



R AR 



( j 2 , 2 2/1 1 2 

la?/! + cos —ax 



— ^ (dy| + cos 2 ^dxl 



< • >s — • sm ^ ; 



2 + cos 



This corresponds to the zehnbeins 



R1 + 



2 1 « 2 



dui 



1 



, i = l,2,3 



e = 



1 / u 4 . u 4 \ Vi , 6 1 / u 4 . U4 \ , 

— — cos — — sm — cos — dx\ , e = — ■= cos — — sm — dm 

1 / u 4 w 4 \ y 2 , 8 1 / «4 , • , 

— = cos — + sm — cos —dxo , e = — = cos — + sm — aw? 



du4 , e 



9 



R 2u 4 
— cos — — 
2 R 



2d5 + 



— [sm -^dxi + sm -j^dx 2 J 



2R\ R R 
Using these the two-form and four-form field strengths takes the form 

2 



F, 



(2) 



R 



(-e 4 A e — e A e + e< A e s ) 



R 



(A.10) 



(A.11) 

(A.12) 
(A.13) 
(A.14) 

(A.15) 



F (4) = — e° A e 1 A e 2 A e 3 
it 

We make the coordinate transformation 

. 1 v 

Written explicitly, the metric in these coordinates becomes 

u 2 \ ELi du2 i 



ds z 



A 



111. si n 2 2 ^ 4 



+ 



+ 



;i-^) 2 



+ d«l 



(A.16) 



(A.17) 



H — cos — — sin — «yi + cos — ax, M — cos — + sm — dyn + cos —dxn 
8\ R RJ V R 1 J 8\ R RJ V i? 2 7 

dv yi dxi , y 2 dx 2 
T^ +Sm RlR +Sm RlR 



R 

2 2 
+ it cos — - 
R 



j. dv yi dxi . y 2 dx 2 

dt + --tt + sm — — — + sm — — — ■ 
R 2 R AR R AR 



Define 



3 + = ^(e° + e 9 ), e- = |(e°-e 9 ) 



(A.18) 
(A.19) 
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B Gamma-matrix conventions 

Define the real 8x8 matrices 71, ...,7s as in [19]. They obey 

Hi] + Ijlf = iflj + ifli = %>ijh ,i,j = 1, -, 8 

(B.l) 

lill I3lll5lll7ll = h , if I21J l4ljlelj 78 = ~h 
where J n is the n x n identity matrix. Define the 16 x 16 matrices 71, ...,79 by 

The matrices 71, ...,79 are symmetric and real and they obey 

{7t>7j} = %>ijhe, hj = 1, -,9 , 79 = 7172 •••78 (B.3) 
Define the 32 x 32 matrices 

These matrices are real and obey 

{r OJ r 6 } = 2r/ ob J 3 2,i,i = 0,1, -,9,n , r n = r°r 1 ---r 9 (b.5) 

We define 

7ii-<M = TfrTfa • • • lf 2h ] , Hii2-m +1 = 7^7*3 • • • 7j fc+1 ] , »i = 1, 8 (B.6) 

7<i-tn =7[*i7i a ■••7i n ] , »i = l,...,9 (B.7) 

r ui 2 -«n = r [«i r «2 " " " r «n] ) *J = 0,1, ...,9,11 (B.8) 

C Structure constants and A4 2 

We can write the OSp(6\2, 2) algebra schematically on the form 

[^,5,] = /^, [^,5,] = /^, {F a ,^} = /^ (C.l) 

where are the bosonic generators which generate an S'0(2,3) x SU(4:) algebra (with 25 = 
10 + 15 generators) and F a corresponds to the 24 fermionic generators. We take a to run over 
all 32 fermionic directions. The 24 fermionic generators are then defined by P a pFp = F a . 
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The structure constants 

The structure constants can be read off from the covariant derivative (|2.5|l ^l 
1 1 1 

fp a = ^(roi23-?T a p) p , fp &i} = --(pr & ~ b P) a p, f$ a , b , = --(pr a / 6 /P)°^ (c.2) 



where a = 0,1,. ..,9, a,b = 0,1,2,3 and a',b' = 4, 5,..., 9. The structure constants /ig are 
instead 

*/3 



f$ = ~(Pr°T 0123 T^P) a p (C.3) 

a'b' 2i / o / Q / 6 / a / fi /_ 



/„7 = - (pr u (r i 23 r a - j a r n j p 

where a = 0, 1, 9, a, b = 0, 1, 2, 3 and a', 6' = 4, 5, 9, and where we introduced the Kaehler 
form 

ja'V = § a'7 S b'S _ § a'8 S b'7 _ + ga'QgVA _ + (a4) 

For a' = 4, . . . , 9 the structure constants f£g can also be written as 

= i(PT°T a 'P) a p + i(PT°Toi2 3 rnJ a ' b 'T b/ P) a p (C.5) 

using here the relation 

(pr a 'p) Q/3 = (promrnJ^'rvp)^ (c.6) 

The fermionic matrix A4 2 

We now determine the fermionic matrix Ai 2 needed for writing the four-fermion terms in the 
Lagrangian of Section [2j It can generally be written in terms of structure constants of the 
OSp(6\2,2) algebra (101"]) as 

{M 2 )<$ = -nffifo = foe 5 fa _ ey« ab e 5 f$ (c.t) 

Using the structure constants written above we compute 

[M 2 ) a = -^(PT 0123 r a pr^e s (pr°r a p) S p 



P R 

^(PT &h P) a ^0 5 (PT o r ol23 T &b P) 5 p 
+^(PT a/bl Pr^e 5 (PT°(T 0123 T a ' b ' - J a ' b 'T ll )P) 5 p (C.8) 

where a, b = 0, 1, 2, 3 and a', b' = 4, 5, 9. This can also be written in the form 

( M % = -|(pr i23raP) Q 7 ^ 5 (pr r a p)^ - ^(pr 0123 T a ,p)yye\pr°T a 'p) S p 



5 Note that fp a for a — 0, 1, 2, 3 corresponds to four of the SO(2, 3) generators, the other six corresponding 
to /^* a j since this is antisymmetric in a,b. Similarly, the fp a for a — 4, 5,..., 9 corresponds to six of the 
5(7(4) generators. This leaves the last 9 for fp a / b /, despite the fact that antisymmetry of a',b' seemingly 
gives 15. However, the projector P in fp a iy gives relations between the matrices therefore only 9 of them are 
independent. Thus, we get the 15 generators of SU{4). The same story is true for f l a n. 
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(C.9) 

where we eliminated J a ' b ' by taking into account that 

J = ^r i 23 riiJ a ' b 'rw (c.io) 

along with the relation (|C.6|) and that J on supersymmetric fermions gives JO = —9. 
Equivalence with M 2 in alternative representation 

We now show that the formula (|C9p is equivalent to the one written in \22\ 123] . Thus, we 
shall use the following alternative representation of the Gamma matrices [221 [23] 

r a = 7 a ®i, r a '= 7 5 ®7 a ', r n = 7 5 ®7 7 , 

a = 0,1,2,3; a = 4, • • • , 9 . 

Here ("f a ) & p are 4-dimensional matrices, corresponding to the AdS^ part, a, j3 = 1,. . . ,4 and 
{l a )a'p' are 8-dimensional matrices, c/,/3' = 1,...,8, corresponding to the 6-dimensional 
space CP 3 . Eq. (IC.6P becomes 

p 6l a 'p 6 = iP 6 j a ' b ' lbn 7 P6 (c.ii) 

this was derived in [22]. Here P6 is the reduction of P to CP 3 

P 6 = ^ , 2J = -i^w? . (C.12) 

This projector when acting on an 8-dimensional spinor annihilates 2 and leaves 6 of its 
components. Thus the spinor 



(P 6 6) aa <=> 9 aa a' = !,-■■, 6 (C.13) 
has 24 non-zero components. In terms of the dimensionally reduced 7-matrices M 2 reads 



2 / c s a „A / n s, 1 



0^ = -5 (7 5 7a) Q 7 ^'^(7°7 a )^ - ^(7cO a > 6d '^(7V)^(7 c y; 
- ^(7cO a > Ad ^V(7°7 5 )^( JC ' 9 '7 9 '7 7 ) / ; - \(lai)% e " a ' e W^%p 
+ ^(7c s O a > M '0V(7°7 5 )w(7 C ' ff ') / 6' " ^(7cY) a > &<i '^ (7°7 5 )^(«/ c ' 9 '7 7 ) / ; 



(C.14) 

Using the relations 

lc ,r' b ' = i 7 s' 7 7 , j c '3' ldgl e = -2i-f 7 e (c.is) 



we find 

(-^ 2 ); = " I (7 5 7a) V V ^(7°7 a )^ " ]^)V^(7%S% 
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1 

R 



M a 'Ai c Yv - h 7 i 9 YAi 7 i 9 'fv - \(Hc> 9 >) a 'Ai d9 ') r v 



+ (7 7 ) B i(7% 



We can now use the Fierz identity for the 8 dimensional gamma matrices 7 a in 6 dimensions 



giving 



{la')afs(i a )jS = 4 {Sasdp-f - 5 al 8fj$) + - (j a 'b' )a/3 (t° & )7<S 



„5\ 



(C.17) 



(C.18) 



which is the M 2 found in Ref . [22| [23] . 
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